Toward an alternative approach to the quantum mechanic ground state search, we theoretically introduce a protocol in which energy of two identical systems are deterministically transferred. The protocol utilizes a quantum interference between "forward" and "backward" time evolved states with respect to a given Hamiltonian. In addition, to make use the protocol for the ground state search, we construct a network with which we may be able to efficiently apply the protocol successively among multiple systems so that energy of one of them is gradually approaching the lowest one. Although rigorous analysis on the validity of the network is left as a future challenge, some properties of the network are also investigated. arXiv:1807.04438v2 [quant-ph] 
I. INTRODUCTION
A beautiful quantum extension of annealing computation -so-called quantum annealing computation -has been proposed [1] [2] [3] [4] [5] [6] [7] [8] [9] , and is paid lots of attentions today even from industries. Similarly to the idea of the classical annealing computation [10] , a problem to be addressed is mapped into a so-called problem Hamiltonian H whose ground state corresponds to the solution of the problem. In the quantum annealing computation, on the other hand, the ground state search is quantum mechanically carried out by driving the physical state according to a quantum dynamics. In particular, a specific property of the adiabatic process in quantum dynamics is fully utilized there. Introducing a driving HamiltonianV which is non-commutative withĤ, a time dependent Hamiltonian such asĤ (t) = s(t)Ĥ + (1 − s(t))V
is considered with a controlling function s(t) ∈ R that typically behaves monotonically as s(0) = 0 and s(t f ) = 1. (t f is the final time of the annealing process.) According to the adiabatic theorem in the quantum mechanics [11] [12] [13] , when the state of the system is prepared in the ground state ofV initially (t = 0), the state evolved by the time dependent Hamiltonian is approximately maintained to be the ground state of instantaneous HamiltonianĤ(t) at the each moment, if the time dependence of s(t) is sufficiently gentle. When the condition is satisfied, as the consequence of the adiabatic theorem, we can find the ground state ofĤ with a high probability in a measurement to be performed at t = t f . In the evolution, the state can become highly non-classical and can quantum mechanically shortcut the classical path of computation (or quantum tunneling) if necessary. Thus, the computation is expected to be superior to the classical annealing computation. On the other hand, the speed of the quantum annealing computation is restrictively determined by the gap (:= g min (t)) between the energy levels of the ground state (|g(t) ) and the first excited state (|e(t) ) of the instan-taneous Hamiltonian. More specifically, max t∈[0,t f ] | e(t)| d dtĤ (t)|g(t) | min t∈[0,t f ] g min (t) 2 1 is required to achieve the appropriate adiabatic process (and that is the exact reason that the gentleness of s(t) is required.) In other words, when there exists a small gap, the time derivative of the control function cannot be large so much, and t f becomes unavoidably large. Unfortunately, some examples indicating that a quantum first order phase transition tends to occur during the adiabatic computation [14] [15] [16] [17] [18] [19] [20] have been found. In these cases, min t∈[0,t f ] g min (t) becomes exponentially small with respect to the size of the system, and implies an exponential slowing down of the speed of the computation. Although various interesting investigations to avoid the phase transition by appropriate choices ofV and s(t) are being tried [21] [22] [23] [24] , the slowing down can be a fundamental bottleneck of the existing quantum annealing computation.
With the circumstances, we propose an alternative approach to the quantum mechanic ground state search. The approach consists of the following two parts: (1) Introduction of an energy transfer protocol between two systems, and (2)Network structure to efficiently apply the protocol to the ground state search. Combining the two ideas, we aim to gradually remove the energy of a system so as the state of the system efficiently achieves the ground state of the Hamiltonian.
We describe our idea as follows: In the next section, we introduce the energy transfer protocol between two systems. The protocol is determined only by the problem Hamiltonian. There, we will find that the protocol interestingly utilizes a quantum interference between forward and backward time evolved states in terms of the Hamiltonian. In SEC.III, we show that the energy transfer by the above protocol can be described in a short time behavior of the solution of a certain nonlinear Schrödinger equation. In addition, a property of the solution efficiently converging to the ground state of the problem Hamiltonian is demonstrated. In SEC.IV , aiming a physical emulation of the nonlinear Schrödinger equation beyond the short time behavior, we propose a network with which we can apply the protocol successively among multiple systems. Although this part remains further challenges that should be carefully clarified, some analysis on the validity of the network are also discussed in SEC.V.
II. ENERGY TRANSFER PROTOCOL
In this section, we introduce an energy transfer protocol between two systems. Suppose that we have two systems (a and b) which are in a same state |ϕ 0 . (Total state of the two system is |ϕ 0 ⊗ |ϕ 0 in Hilbert space H a ⊗ H b H ⊗2 .) With respect to HamiltonianĤ on each Hilbert space, both systems have the same expectation value, i.e., E 0 := ϕ 0 |Ĥ|ϕ 0 .
(2)
In the following, we introduce a protocol among the two systems that realizes
where ρ a and ρ b are the reduced states of systems a and b obtained by the protocol respectively. The protocol works independently from the specific forms of Hamiltonian and the state |ϕ 0 .
Protocol:
1. Prepare a initial state |Ψ in := |ϕ 0 ⊗ |ϕ 0 (4) in Hilbert space H a ⊗ H b .
2. Acting unitary operation described as U = e +iŜ ab π/4 e −iĤt/2 ⊗ e +iĤt/2 (5) whereŜ ab is a swapping operator among H a ⊗H b ( H ⊗2 ) that holdŝ S ab |j ⊗ |k = |k ⊗ |j (6) with a given orthonormal basis {|j } for each Hilbert space H.
(Similar idea of the usage of the swapping operation for making quantum mechanic time evolution of one system depend on another quantum state can be found in [25] .) Notice that the unitary operation in (5) contain a swapping operation between "forward evolved state e −iĤt/2 |ϕ 0 " and "backward evolved state e +iĤt/2 |ϕ 0 ". Following the above protocol, we obtain ρ a := Tr b U |Ψ in Ψ in |U † = 1 2 e −iĤt/2 |ϕ 0 ϕ 0 |e +iĤt/2 + e +iĤt/2 |ϕ 0 ϕ 0 |e −iĤt/2 +i 1 2 ϕ 0 |e −iĤt |ϕ 0 e +iĤt/2 |ϕ 0 ϕ 0 |e +iĤt/2 −i 1 2 ϕ 0 |e +iĤt |ϕ 0 e −iĤt/2 |ϕ 0 ϕ 0 |e −iĤt/2 (7) and ρ b := Tr a U |Ψ in Ψ in |U † = 1 2 e −iĤt/2 |ϕ 0 ϕ 0 |e +iĤt/2 + e +iĤt/2 |ϕ 0 ϕ 0 |e −iĤt/2 −i 1 2 ϕ 0 |e −iĤt |ϕ 0 e +iĤt/2 |ϕ 0 ϕ 0 |e +iĤt/2 +i 1 2 ϕ 0 |e +iĤt |ϕ 0 e −iĤt/2 |ϕ 0 ϕ 0 |e −iĤt/2 (8) where Tr b and Tr a are partial trace operations over H b and H a respectively. The second and third lines in (7) and (8) are interference terms of the forward and backward evolved states. Notice that, because of the existence of the interference terms, an energy transfer among the two systems occurs. In fact, we can find that E a := Tr ρ aĤ = E 0 + 1 2 d dt P 0 (t) (9) and
hold where P 0 (t) is the survival probability defined as
Considering small t(= δt > 0), we can estimate (9) and (10) as
and
where δE 2 0 > 0 is the energy variance defined as
With a small enough δt to safely ignore O(δt 3 ), the above indicates an energy transfer proportional to the variance from system a to b.
III. NON-LINEAR SCHRÖDINGER EQUATION
In this section, we show that there exists a nonlinear Schrödinger equation approximately corresponding to the protocol introduced in the previous section. Expanding (7) and (8) by t(= δt > 0), we obtain whereĜ 0 is an hermitian operator defined aŝ
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Generalizing (15), (16) and (17), let us introduce the following non-linear Schrödinger equation:
with a state-dependent hermitian operator
(Interestingly, in literatures [26] [27] [28] [29] on the two beams coupling phenomena in photorefractive media, we find that equations with similar structure to (18) and (19) have been phenomenologically introduced.) Employing an initial state as
we obtain
Equations (21) and (22) suggest that ρ a and ρ b obtained by the above protocol approximately emulates the short time dynamics described in the non-linear Schrödinger equation in (18) in forward (+δt) and backward (−δt) directions respectively. We utilize the fact to propose an efficient combination of the protocol among systems to physically emulate the non-linear dynamics for finite time interval (beyond the short time dynamics). Before the proposal, let us remark some properties on the nonlinear Schrödinger equation itself. In the following, let us suppose a form of Hamiltonian asĤ
(For simplicity, we assume that there is no degeneracy in its ground state.) Remember that dim(H) is the size of the search space. Unless ε 1 |ϕ t=0 is exactly 0, the probability P 1 (t) := | ε 1 |ϕ t | 2 grows exponentially and converges to one. (Remember that |ϕ t is the solution of eq.(18) with eq.(19).) For example, when we chose initial state |ϕ t=0 as
we can proof that
(See appendix for the derivation of the inequality.) By the inequality, for t c such as P 1 (t c ) = c, we find
From the computational complexity theoretic point of view, c is not necessarily to be a constant. In general
is sufficient as an interesting choice of c. (Remember that dim H is corresponding to the size of the search space.) Notice that ∆ -the gap of the problem Hamiltonian itself-does not depend on dim(H) in a reasonable setting, whereas g min (t) in the quantum annealing process are apt to do (See Sec.I). The dependence in the latter approach implies time scales for the annealing process to be polynomial in dim(H) that is exponential to t c in (30) . In fact, in FIG.2, efficient convergences to 1 of P 1 (t) are numerically shown with respect to some examples. They indicate that if we can efficiently emulate the dynamics of the non-linear Schrödinger equation up to the time scale t c , we may be able to utilize the emulation to find the ground state of a given Hamiltonian more efficiently than by the adiabatic annealing process. That motivates us to extend the protocol in the previous section (that corresponds to the short time emulation of the non-linear Schrödinger equation) to achieve the finite time emulation.
Notice that, if we disregard efficiency in terms of the number of systems, there exists a trivial way of such extension. Applying the energy transfer protocol in a 'tournament manner' as is shown in FIG.3 , we approximately obtain |ϕ t=+nδt using 2 n systems. More precisely, the final state in Hilbert space H 2 n becomes
whereΓ k is defined similarly to (23) aŝ
Putting n = t c /δt, we obtain
In the tournament way, however, 2 n systems will be required to achieve the emulation up to t c = nδt. In addition, to make the dynamics in (19) safely approximated by the discretized time steps, δt < D −1 is also required. Combining the requirement for δt with (30) , the required number of the systems is estimated as
which is proportional to the size of the search space (that is inefficient).
IV. AN IMPROVEMENT OF NETWORK
To resolve the inefficiency by the tournament network, we consider an improvement of the network for the emulation. In the following, we make use of the fact that |ϕ t=+(k+1)δt and |ϕ t=+(k−1)δt are simultaneously obtained when the protocol is applied to two systems in |ϕ t=+kδt ⊗ |ϕ t=+kδt . We construct a new network among Hilbert space H 1 ⊗, · · · , ⊗H 2m = H ⊗2m as follows:
1. Introducing integer step ∈ {0, · · · , step * }, an integer function τ j (step) is assigned to each Hilbert space H j . We put τ j (0) = 0 is for all j ∈ {1, · · · , 2m}.
2. For a given {τ j (step)} j∈{1,··· ,2m} , {τ j (step + 1)} j∈{1,··· ,2m} is iteratively defined as follows: (See also FIG.4.) We can numerically verify the existence of such step * and step * = O(m 2 ). In each step ∈ {1, · · · , steps * }, we apply our protocol to the pairs of two systems on H j and H j appearing in Σ(step). Suppose that ρ j (step) ⊗ ρ j (step) exists on H j ⊗ H j where each state is given
and ρ j (step)= |ϕ t=τ (step)δt ϕ t=τ (step)δt | 
Notice that, undergoing each protocol, the deviation (from the first term) which is order of O(δt 2 ) will be additionally accumulated. In order to reduce such deviations as much as possible, we employ an additional procedure replacing the states in (36) and (37) by the fresh initial state |ϕ t=0 ϕ t=0 | for the pair with τ (step) = 0 and step = 0. For the given the network, starting from initial state |ϕ t=0 ⊗2m ∈ H ⊗2m with step = 0, being applied the above repeatedly to the pairs indicated by the network, the state in Hilbert space H j finally becomes
is the consequence of the above mentioned accumulation of the deviation from the first term. Notice that the coefficient can be determined only by the structure of the network but independently from HamiltonianĤ. (Further properties of the coefficient will be addressed shortly after.) By the construction of the network, τ j (step * ) is uniquely determined as
Thus, the state in Hilbert space H 2m particularly becomes
The required number of the systems to make the first term achieve |ϕ t=tc ϕ t=tc | is given as
that seems an exponential improvement of (35). To make the improvement veridical, we need to check that the second term in (42) is subdominant in comparison with the first term. Because of the existence of coefficient K (2m) j,k , the estimation of the second term becomes nontrivial in comparison with the case of the tournament network. We numerically find that the coefficient approximately follows a scaling law as = O(δt −1 ), and the order of the second term of (42) including δt 2 -factor can be estimated aŝ
Unlike (34), we cannot control the order of the magnitude of the second term by choosing a smaller δt. In other words, for such m, the reason the higher order terms to be less dominant cannot rely on the order of δt itself. Further careful estimation is required to check if the second term is still subdominant even under such situation. We will numerically address this issue in the following section.
V. REMARKS ON THE IMPROVED NETWORK
Besides the issue of the term in (45), we have the following fundamental constraint that may hinder (43) to be veridical: Remember that the protocol we proposed in SEC.II preserves the total energy on the two systems as is clearly shown in (9) and (10) . In other words, the total energy of the 2m systems participating to the proposed network must be preserved. If the first term in (42) is dominant, the total energy of the 2m systems is given as
From the above, we obtain is implied. The bound is obviously contradicting to (43), and the network would not work as is expected. In other words, there certainly exists a necessary condition to make the network appropriately work in the spectrum structure of the Hamiltonian. Now, let us go back to the estimation of (45). As a simplest trial, we numerically compute
where m α is the minimum m which holds
with integer α. Condition |ξ mα | 1 would be a necessary condition to be sure that the improved network appropriately works. (Remember that P 1 (0) = (dim H) −1 . Probability P 1 (+m α δt) is exponentially large in comparison with P 1 (0). We employ the particular form of (51) so that m α is independent from α for dim H = 8.) As is shown in FIG.5, we find that increasing of α restrains the amplitude of ξ mα with each example. More significantly, the amplitude of ξ m α tends to be saturated as dim H increases. If that is the case, the behavior suggests that the proposed network with the protocol would work efficiently (i.e., within complexity of (polynomial of) the logarithmic with respect to dim H) to find the ground state of the Hamiltonian. Notice that the Hamiltonian of example (a) (or example (b) as the doubled version of example (a)) corresponds to the database searching problem and that the above suggestion might imply an exponential improvement of the well known results by Grover's algorithm [30, 31] or by the ordinary quantum annealing approach [3] [4] [5] . Unfortunately, to be sure of the suggestion rigorously, we need further investigations beyond the numerical examination as remains to be our future challenge. Concerning the number of the systems required in running the above, we can reduce the number by decreasing of the success probability of the finding the ground state. Instead of 2m systems in Hilbert space H ⊗2m , let us consider a compound system described in Hilbert space H ⊗ K where dim K = 2m. On the compound system, preparing an initial state
with orthonormal basis {|j } dim K j=1 of K, we can apply our energy transfer protocol not to two systems in Hilbert spaces H j and H j but to the two components of the state vector in the sectors spanned by |j and |j . Finally, the component of the state vector spanned by |2m approximately achieves |ϕ t=+mδt in H. Notice that the probability to obtain the component by measurement is (dim K) −1 = (2m) −1 , and that the probability is still logarithmic polynomial in dim H. Thus, even taking the probability into account, we have a good chance to find the ground state with a probability of logarithmic polynomial with respect to dim H. The system for Hilbert space K is implementable as an ancillary system with log 2 (2m)(= O(log log dim H)) qubits that is efficient at least in a theoretical sense.
VI. SUMMARY
In this article, we have introduced the following two idea; 1) Energy transfer protocol among two systems, and 2) Network structure to efficiently apply the protocol to the ground state search problem. Below we make some additional comments on each of them.
First, let us remark on the conceptually interesting point of the first protocol. As is well known, Hamiltonian has two significant roles in the quantum mechanics in general; one is as an observable corresponding to energy, another is as a generator of the time evolution of the dynamics. As the consequence, the energy of the system is always conserved under the dynamics naturally generated by the Hamiltonian itself. To change the energy of the system dynamically, we need something else besides Hamiltonian. What we found here, on the other hand, is a use of the interference induced by the quantum swapping among two systems in forward and backward evolved state. The interference can create the one-way energy transfer among the two systems, while the total energy of the two systems is conserved. In defining the protocol, we do not need any extras but only Hamiltonian itself, swapping operation, and time duration parameter δt. The simple structure makes us imagine a good relations of the protocol to fundamental aspects of quantum mechanics. In fact, (12) and (13) can be interpreted as "the time duration δt ∼ δE −1 0 is required to achieve the energy transfer of the magnitude of δE 0 that each system originally has". That seems a manifestation of the time-energy uncertainty relation that has not been well investigated before. Besides it, we expect that the protocol might give a new insight into a relation among the three fundamental topics in quantum mechanics, i.e., energy, time evolution, and interference.
Concerning the network part, we remain some challenges to be done. First of all, although our numerical analysis seems positively suggest the existence of examples with which our approach works, further rigorous analysis to check if such suggestion can be proven or not will be indispensably required. The issue is left as future challenge of our approach. Besides it, like all proposals for quantum computation, relies on speculative technology, does not in its current form take into account all possible sources of noise, unreliability and manufacturing error, and probably might not work [32] . For the reason, estimations of stability or fault tolerance of our approach against any imperfections would be another indispensable challenge we need to address. In addition, combinations with some quantum error correction technique would be also exciting challenge from both theoretical and practical points of view.
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Appendix A: Derivation of inequality (30) From eqs. (18) , (19) and (20), we obtain
Noticing
we find that
hold. Notice that, when the equality holds, the differential equation for P 1 (t) is so-called the logistic equation [33, 34] whose analytical solution is known. With the initial state in (26), we obtain (30) . In this section, we numerically show the scaling behavior of K (2m) j,k described in (44). In (a)-(d) of Fig.6 , we show the amplitude of K (2m) j,k numerically computed with m = 16, 32, 64 and 128 respectively. Their cross sections at 8 dashed lines indicated in (1)-(8) are rescaled according to (44) and plotted in (e). As we see, the scaling law in (44) seems well-justified. 
